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Abstrat
In this paper we develop an abstrat theory for the Codazzi equation on
surfaes, and use it as an analyti tool to derive new global results for surfaes
in the spae forms R
3
, S
3
and H
3
. We give essentially sharp generalizations of
some lassial theorems of surfae theory that mainly depend on the Codazzi
equation, and we apply them to the study of Weingarten surfaes in spae
forms. In partiular, we study existene of holomorphi quadrati dierentials,
uniqueness of immersed spheres in geometri problems, height estimates, and
the geometry and uniqueness of omplete or properly embedded Weingarten
surfaes.
1 Introdution
The Codazzi equation for an immersed surfae Σ in R3 yields
∇XSY −∇Y SX − S[X, Y ] = 0, X, Y ∈ X(Σ). (1)
Here ∇ is the Levi-Civita onnetion of the rst fundamental form I of Σ and S
is the shape operator, dened by II(X, Y ) = I(S(X), Y ), where II is the seond
fundamental form of the surfae. This Codazzi equation is, together with the Gauss
equation, one of the two lassial integrability onditions for surfaes in R
3
, and it
remains invariant if we substitute the ambient spae R
3
by other spae form S
3
or
H
3
.
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It is remarkable that some ruial results of surfae theory in R
3
only depend, in
essene, of the Codazzi equation. This is the ase, for instane, of Hopf's theorem
(resp. Liebmann's theorem) on the uniqueness of round spheres among immersed
onstant mean urvature spheres (resp. among omplete surfaes of onstant positive
urvature). This suggests the possibility of adapting these results to an abstrat
setting of Codazzi pairs (i.e. pairs of real quadrati forms (I, II) on a surfae
verifying (1)), and to explore its possible onsequenes in surfae theory. The basi
idea in this sense is to use the Codazzi pair (I, II) as a geometri objet in a non-
standard way, i.e. so that (I, II) are no longer the rst and seond fundamental
forms of a surfae in a spae form.
Motivated by this, our objetive here is to develop an abstrat theory for the
Codazzi equation on surfaes, and use it subsequently as an analyti tool to derive
new global results for surfaes in the spae forms R
3
, S
3
and H
3
.
Our results on Codazzi pairs here provide an extremely general extension of some
lassial theorems of surfae theory that mainly depend on the Codazzi equation.
But, moreover, this abstrat approah has some very denite appliations to the
study of omplete or properly embedded Weingarten surfaes in R
3
or H
3
:
1. It reveals the existene of holomorphi quadrati dierentials for some lasses
of surfaes in spae forms (and also in produt spaes S
2×R, H2×R, see [1℄).
2. It unies the proof of apparently non related theorems. For example, it shows
that uniqueness in the Christoel problem in R
3
is basially equivalent to
the Bonnet theorem on uniqueness of immersed spheres with presribed mean
urvature.
3. It gives an analyti tool to prove uniqueness results for omplete or ompat
Weingarten surfaes in spae forms.
These appliations show the exibility of the use of Codazzi pairs in surfae theory,
and suggest the possibility of obtaining further global results with the tehniques
employed here.
We have organized this paper as follows. We shall start by reminding in Setion
2 the denitions of fundamental pair, Codazzi pair, and some of their assoiated
invariants suh as the mean urvature H , the extrinsi urvature K and the Hopf
dierential. We prove in Theorem 1 that a topologial sphere Σ endowed with a
Codazzi pair satisfying a general Weingarten relationship W (H,K) = 0 must be
totally umbilial, if some neessary onditions are fullled by the funtional W .
This generalizes the previous Hopf theorem and Liebmann theorem.
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This abstrat treatment lets us apply Theorem 1 to some seemingly unrelated
situations. More speially, as a onsequene of that result, we obtain general-
izations of the Bonnet Theorem and the theorem of uniqueness in the Christoel
problem. We point out that our proof to the Christoel problem is dierent from
the lassial approah, whih uses integration theory on surfaes (see [12, 25℄).
We will nish Setion 2 proving that two Codazzi pairs (Ii, IIi), i = 1, 2, on
a topologial sphere Σ, suh that II1 = II2 and with the same positive extrinsi
urvature must be isometri, that is, I1 = I2. This result is a wide generalization of
a lassial result by Grove [8℄ about rigidity of ovaloids in R
3
.
In Setion 3 we study when a real quadrati form II on a Riemannian surfae
is onformal to the metri, even if the Codazzi equation is not satised. For that,
we will dene the Codazzi funtion on a surfae assoiated to its indued metri I
and a real quadrati form II. This funtion will measure how far is the pair (I, II)
from satisfying the Codazzi equation.
We devote Setion 4 to the fundamental relation between the Codazzi equation
and the existene of holomorphi quadrati dierentials. Thus, given a Codazzi pair
on a surfae Σ, we nd, under ertain onditions, the existene of a new Codazzi pair
on Σ whose Hopf dierential is holomorphi. This new pair will provide geometri
information about the initial one.
We partiularize this result to the study of Codazzi pairs of speial Weingarten
type, that is, pairs satisfying H = f(H2 −K) for a ertain funtion f . The orre-
sponding problem for surfaes in R
3
and H
3
was studied by Bryant in [5℄. We will
also prove that every Codazzi pair on a surfae Σ satisfying H = f(H2−K) an be
reovered in terms of a metri on Σ and a holomorphi quadrati form.
Finally, in Setion 5, we give some appliations of our abstrat approah to
surfaes in spae forms. We begin by obtaining height estimates for a wide family
of surfaes of ellipti type. Although these estimates are not optimal, the existene
of suh height estimates with respet to planes onstitute a fundamental tool for
studying the behaviour of omplete embedded surfaes.
Following the ideas developed by Rosenberg and Sa Earp in [20℄, we show that
the theory developed by Korevaar, Kusner, Meeks and Solomon [15, 16, 17℄ for
onstant mean urvature surfaes in R
3
and H
3
remains valid for some families of
surfaes satisfying the maximum priniple (Theorem 6).
In partiular, when Theorem 6 is applied to a properly embedded Weingarten
surfae Σ of ellipti type satisfying H = f(H2−K) in R3 or H3, we obtain: If Σ has
nite topology and k ends, then k ≥ 2, Σ is rotational if k = 2, and Σ is ontained
in a slab if k = 3.
To nish the paper, we study the problem of lassifying Weingarten surfaes of
ellipti type satisfying H = f(H2 − K) in R3 suh that K does not hange signs
3
[23℄. We show that, in the above onditions, if Σ is a omplete surfae with K ≥ 0
then it must be a totally umbilial sphere, a plane or a right irular ylinder, and if
Σ is properly embedded and K ≤ 0, then it is a right irular ylinder or a surfae
of minimal type (i.e. f(0) = 0).
2 Fundamental pairs and Codazzi pairs
Let us start this setion by realling some lassial results about fundamental pairs.
A lassial referene about this topi is [18℄. Besides we point out that, although
throughout this paper we will assume that the dierentiability used is always C∞,
the dierentiability requirements are muh lower.
We will denote by Σ an orientable (and oriented) dierentiable surfae. Other-
wise we would work with its oriented two-sheeted overing.
Denition 1. A fundamental pair on Σ is a pair of real quadrati forms (I, II) on
Σ, where I is a Riemannian metri.
Assoiated to a fundamental pair (I, II) we dene the shape operator S of the
pair as
II(X, Y ) = I(S(X), Y ) (2)
for any vetor elds X, Y on Σ.
Conversely, from (2) it beomes lear that the quadrati form II is totally de-
termined by I and S. In other words, giving a fundamental pair on Σ is equivalent
to giving a Riemannian metri on Σ and a self-adjoint endomorphism S.
We dene the mean urvature, the extrinsi urvature and the prinipal urva-
tures of (I, II) as half the trae, the determinant and the eigenvalues of the endo-
morphism S, respetively.
In partiular, given loal parameters (x, y) on Σ suh that
I = E dx2 + 2F dxdy +Gdy2, II = e dx2 + 2f dxdy + g dy2,
the mean urvature and the extrinsi urvature of the pair are given, respetively,
by
H = H(I, II) =
Eg +Ge− 2Ff
2(EG− F 2) , K = K(I, II) =
eg − f 2
EG− F 2 .
Moreover, the prinipal urvatures of the pair are H ±√H2 −K.
We will say that the pair (I, II) is umbilial at p ∈ Σ if II is proportional to I
at p, or equivalently:
• if both prinipal urvatures oinide at p, or
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• if S is proportional to the identity map on the tangent plane at p, or
• if H2 −K = 0 at p.
We dene the Hopf dierential of the fundamental pair (I, II) as the (2,0) part
of II for the Riemannian metri I. In other words, if we onsider Σ as a Riemann
surfae with respet to the metri I and take z a loal onformal parameter, then
I = 2λ |dz|2
II = Qdz2 + 2λH |dz|2 +Qdz¯2. (3)
The quadrati formQdz2, whih does not depend on the hosen parameter, is known
as the Hopf dierential of the pair (I, II). We note that (I, II) is umbilial at p ∈ Σ
if, and only if, Q(p) = 0.
All the above denitions an be understood as natural extensions of the or-
responding ones for isometri immersions of a Riemann surfae in a 3-dimensional
ambient spae, where I plays the role of the indued metri and II the role of its
seond fundamental form.
A speially interesting ase happens when the fundamental pair satises, in an
abstrat way, the Codazzi equation for surfaes in R
3
,
Denition 2. We say that a fundamental pair (I, II), with shape operator S, is a
Codazzi pair if
∇XSY −∇Y SX − S[X, Y ] = 0, X, Y ∈ X(Σ), (4)
where ∇ stands for the Levi-Civita onnetion assoiated to the Riemannian metri
I and X(Σ) is the set of dierentiable vetor elds on Σ.
Many Codazzi pairs appear in a natural way in the study of surfaes. For in-
stane, the rst and seond fundamental forms of a surfae isometrially immersed
in a 3-dimensional spae form is a Codazzi pair. The same ours for spaelike
surfaes in a 3-dimensional Lorentzian spae form. More generally, if the surfae
is immersed in an n-dimensional (semi-Riemannian) spae form and has a parallel
unit normal vetor eld N , then its indued metri and its seond fundamental form
assoiated to N make up a Codazzi pair.
Classially, Codazzi pairs also arise in the study of harmoni maps. Many others
examples of Codazzi pairs also appear in [1, 3, 18, 19℄. All of this shows that the
results that we present in this work an be used in many dierent ontexts.
Many lassial results in surfae theory depend on the Codazzi equation of the
immersion. This fat allows to generalize suh results to the Codazzi pairs theory.
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Some examples of that, are Hopf's results proving that the only surfaes immersed
in R
3
with onstant mean urvature are totally umbilial. Analogously, Liebmann
proved that the only omplete surfaes with positive onstant Gaussian urvature
in R
3
are totally umbilial spheres. Now, we obtain a generalization of both results
to the wider family of Weingarten pairs, whih we dene next
Denition 3. We say that a fundamental pair (I, II) on a surfae Σ is a Weingarten
pair if its mean and extrinsi urvatures, H and K respetively, satisfy a non trivial
relationship
W (H,K) = 0,
where W is a dierentiable funtion dened on an open set of R2 ontaining the set
of points {(H(p), K(p)) : p ∈ Σ}.
Theorem 1. Let (I, II) be a Codazzi pair on a surfae Σ. If (I, II) is a Weingarten
pair for a funtional W (x, y) suh that
Wx(t, t
2) + 2tWy(t, t
2) 6= 0 for all t, (5)
then either the umbilial points of (I, II) are isolated and of negative index, or the
pair is totally umbilial.
In partiular, if Σ is a topologial sphere then (I, II) is totally umbilial.
Several proofs of this result when the ambient spae is R
3
or H
3
have been given
by Hopf [11℄, Chern [6℄, Hartman and Wintner [9℄, Bryant [5℄ or Alenar, do Carmo
and Tribuzy [2℄.
Proof. Let us onsider Σ as a Riemann surfae with the onformal struture indued
by I. Given a loal onformal parameter z, we an write the fundamental pair (I, II)
as in (3). Hene we have
∇ ∂
∂z
∂
∂z
=
λz
λ
∂
∂z
, ∇ ∂
∂z
∂
∂z¯
= 0 (6)
and the shape operator S beomes
S
∂
∂z
= H
∂
∂z
+
Q
λ
∂
∂z¯
. (7)
Consequently, if we take X = ∂
∂z
and Y = ∂
∂z¯
in the Codazzi equation (4) we get
Qz¯ = λHz. (8)
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In addition, from (7) we obtain that the extrinsi urvature is given by
K = H2 − |Q|
2
λ2
. (9)
Thus, dierentiating the equality W (H,K) = 0 with respet to z
0 = HzWx(H,K) +KzWy(H,K)
= HzWx(H,K) +
(
2HHz − |Q|2
(
1
λ2
)
z
− QzQ+QQz
λ2
)
Wy(H,K),
and using (8)
(Wx(H,K) + 2HWy(H,K))Qz¯ = λWy(H,K)
(
|Q|2
(
1
λ2
)
z
+
QzQ+QQz
λ2
)
.
Therefore, from (5), if p ∈ Σ is an umbilial point (i.e. Q(p) = 0 or equivalently
H2 = K), there exists a ontinuous funtion h in a neighborhood U of p suh that
|Qz¯| ≤ h |Q| on U .
Hene, from [2, Main Lemma℄ (see also [13, Lemma 2.7.1℄), either Q vanishes
identially on U or p is an isolated zero of negative index of Q.
In partiular, if Σ is a topologial sphere, from the Poinaré index Theorem we
get that the Hopf dierential Qdz2 must vanish identially on Σ, as we wanted to
prove.
Remark 1. The above result an be globally used not only for topologial spheres.
Indeed, if Σ is a topologial torus under the assumptions of Theorem 1, then we
dedue that the pair (I, II) is either totally umbilial or umbilially free. Analogously,
if Σ is a losed topologial disk and its boundary ∂Σ is a line of urvature for (I, II),
then the pair is totally umbilial.
It is well-known that the hypothesis (5) annot be removed. Examples of this are
the non totally umbilial rotational spheres in any spae form, sine every rotational
sphere is a Weingarten surfae.
The abstrat use of Codazzi pairs allows us to see some lassial results, appar-
ently non related, as immediate onsequenes of Theorem 1. Two good examples are
Bonnet Theorem and the uniqueness to the Christoel problem in R
3
, as we show
next
Corollary 1. (Abstrat Bonnet Theorem) Let Σ be a topologial sphere and
(I, II1), (I, II2) two Codazzi pairs with the same Riemanian metri I. If both pairs
have the same mean urvature, then II1 = II2.
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In R
3
, this result says that two isometri immersions from a Riemannian sphere
in R
3
with the same mean urvature must oinide, up to an isometry of the ambient
spae.
Proof. Sine (I, II1) and (I, II2) are Codazzi pairs, so is the new pair (I, II1− II2).
Besides, as H(I, II1) = H(I, II2) the mean urvature of (I, II1 − II2) vanishes
identially. In partiular, by taking a loal onformal parameter z, we an put (see
(3))
I = 2λ |dz|2, II1 − II2 = Qdz2 +Qdz¯2.
Thus, using Theorem 1 for the pair (I, II1 − II2) and the funtional W (H,K) =
H = 0, we get that Q ≡ 0, whih nishes the proof.
For a fundamental pair (I, II) with mean and extrinsi urvatures H and K
respetively, the third fundamental form is given by III = −K I + 2H II (see,
for instane, [18℄). In partiular, given a surfae isometrially immersed in a 3-
dimensional manifold with rst and seond fundamental forms I and II respetively,
III is nothing but its lassial third fundamental form. In other words, III =
〈dN, dN〉 where N is a unit normal vetor eld on the surfae and 〈, 〉 is the metri
of the ambient spae.
Corollary 2. Let Σ be a topologial sphere and (Ii, IIi), i = 1, 2, two Codazzi
pairs with mean urvature Hi and extrinsi urvature Ki. If both pairs have the
same third fundamental form with Ki(p) 6= 0 for all p ∈ Σ and H1K1 = H2K2 , then
(I1, II1) = (I2, II2).
When we partiularize this result to the ase of two isometri immersions from a
Riemannian sphere in R
3
satisfying the assumptions above, we get an easy proof of
the uniqueness to the Christoel problem. Besides this proof is original in the sense
that the lassial approahes to this problem use integration theory on surfaes (see
[12, 25℄).
Proof. It is known [18℄ that if (Ii, IIi) is a Codazzi pair with non vanishing ex-
trinsi urvature, then (IIIi, IIi) is also a Codazzi pair with mean urvature
Hi
Ki
.
Consequently, from Corollary 1 we dedue that II1 = II2.
Thus, sine K(IIIi, IIi) =
1
Ki
we have that K1 = K2. Finally, using that
Ii = − 1Ki IIIi + 2
Hi
Ki
IIi, it follows that I1 = I2.
We observe that the previous proof is based in the simple fat that (III, II) is
a Codazzi pair. That is, the Bonnet theorem in R
3
and the theorem of uniqueness
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of the Christoel problem are a diret onsequene of the Abstrat Bonnet Theo-
rem, when it is applied to the Codazzi pair (I, II) or the Codazzi pair (III, II),
respetively.
In [8℄ Grove proved that two ovaloids in R
3
with the same seond fundamental
form and extrinsi urvature are ongruent. We give a dierent proof, generalizing
that result to Codazzi pairs. The original proof by Grove involves tehniques from
integration theory on surfaes.
Theorem 2. Let Σ be a topologial sphere and (Ii, II), i = 1, 2, two Codazzi pairs
on Σ with the same extrinsi urvature K > 0. Then I1 = I2.
Proof. Sine K > 0, we an assume (hanging II by −II if neessary) that II is
a Riemannian metri on Σ. Taking a loal isothermal parameter z for II, we an
write
Ii = Pi dz
2 + 2λi |dz|2 + Pi dz¯2
II = 2ρ |dz|2,
with ρ > 0.
Hene, the mean and extrinsi urvatures of the pair (Ii, II), i = 1, 2 an be
written as
Hi =
λi ρ
λ2i − |Pi|2
, K =
ρ2
λ2i − |Pi|2
, (10)
and the shape operator is given by
Si
∂
∂z
=
K
ρ
(
λi
∂
∂z
− Pi ∂
∂z¯
)
.
Let us denote by ∇i the Levi-Civita onnetion assoiated to the metri Ii and put
∇i∂
∂z
∂
∂z
= Γ1,i11
∂
∂z
+ Γ2,i11
∂
∂z¯
, ∇i∂
∂z
∂
∂z¯
= Γ1,i12
∂
∂z
+ Γ1,i12
∂
∂z¯
.
Sine (Ii, II) is a Codazzi pair we have
0 = Ii
(
∇i∂
∂z
Si
∂
∂z¯
,
∂
∂z
)
− Ii
(
∇i∂
∂z¯
Si
∂
∂z
,
∂
∂z
)
= ρz − Ii
(
Si
∂
∂z¯
,∇i∂
∂z
∂
∂z
)
+ Ii
(
Si
∂
∂z
,∇i∂
∂z
∂
∂z¯
)
and so
ρz = ρ
(
Γ1,i11 − Γ1,i12
)
. (11)
9
On the other hand, a diret alulation gives(
λ2i − |Pi|2
)
z
= 2
(
λ2i − |Pi|2
) (
Γ1,i11 + Γ
1,i
12
)
.
With all of this, we obtain from (10) by dierentiating K
Kz
K
= 2
ρz
ρ
− 2
(
Γ1,i11 + Γ
1,i
12
)
. (12)
Therefore, from (11) and (12),
Kz
K
= −4 Γ1,i12 =
2K
ρ2
(
Pi Piz − λi Piz¯
)
,
or equivalently,
Piz¯ = −
1
2K
(λiKz + PiKz¯) . (13)
Moreover, from (10) we get
|λ1 − λ2| = ρ
K
|H1 −H2| = ρ
K
√
(H1 −H2)2 (14)
≤ ρ
K
∣∣∣∣
√
H21 −K −
√
H22 −K
∣∣∣∣ = ||P1| − |P2|| ≤ |P1 − P2|.
Now, we an derive from (13) and (14) that
|P1z¯ − P2z¯| ≤
|Kz|+ |Kz¯|
2K
|P1 − P2|.
Finally, using [2, Main Lemma℄ or [13, Lemma 2.7.1℄, we onlude that the quadrati
form (P1 − P2)dz2 vanishes identially on the topologial sphere Σ. Thus, P1 ≡ P2
and, from (10), we get λ1 = λ2. Or equivalently, I1 = I2.
3 The Codazzi funtion
Under ertain natural onditions, it is possible to obtain important onsequenes
about a surfae endowed with a fundamental pair although the Codazzi equation is
not satised. In order to study these onditions, next we dene the Codazzi tensor
and the Codazzi funtion, whih will play an essential role in our study.
Denition 4. Given a fundamental pair (I, II) on a surfae Σ with assoiated shape
operator S, we will all Codazzi tensor of (I, II) to the map TS : X(Σ)× X(Σ) −→
X(Σ) dened by
TS(X, Y ) = ∇XSY −∇Y SX − S[X, Y ], X, Y ∈ X(Σ).
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Although the denition above has been made in an abstrat ontext, the Codazzi
tensor appears naturally in the study of isometri immersions of surfaes. To be more
preise, the Codazzi equation of a surfae isometrially immersed in a 3-dimensional
manifold M3 is
∇XSY −∇Y SX − S[X, Y ] = −R(X, Y )N, X, Y ∈ X(Σ),
where N is the unit normal vetor eld of the immersion, S the assoiated shape
operator and R the urvature tensor of M3
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
∇ being the Levi-Civita onnetion of M3.
A straightforward omputation shows that the Codazzi tensor of a fundamental
pair on a surfae satises the following properties:
Lemma 1. Let (I, II) be a fundamental pair on a surfae Σ with assoiated shape
operator S and Codazzi tensor TS. Then
1. TS is skew-symmetri, i.e. TS(X, Y ) = −TS(Y,X) for all X, Y ∈ X(Σ).
2. TS is C∞(Σ)-bilineal, that is,
TS(f1X1 + f2X2, Y ) = f1 TS(X1, Y ) + f2 TS(X2, Y )
for all vetor elds X1, X2, Y ∈ X(Σ) and dierentiable real funtions f1, f2.
3. Moreover, given vetor elds X, Y ∈ X(Σ) and a dierentiable real funtion f
on Σ
TfS(X, Y ) = f TS(X, Y ) +X(f)SY − Y (f)SX.
Assoiated to the Codazzi tensor of a fundamental pair we dene the Codazzi
funtion, thanks to whih we will measure how distant the pair is from satisfying
the Codazzi equation.
Denition 5. Let (I, II) be a fundamental pair on a surfae Σ with assoiated shape
operator S. We will all Codazzi funtion of (I, II) to the map TS : Σ −→ R given
by
I (TS(v1, v2), TS(v1, v2)) = TS(p)
(
I(v1, v1) I(v2, v2)− I(v1, v2)2
)
, (15)
where v1, v2 ∈ TpΣ, p ∈ Σ.
Observe that TS is a well-dened dierentiable funtion sine the Codazzi tensor
is skew-symmetri. Besides, TS vanishes identially if, and only if, (I, II) is a Codazzi
pair.
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Lemma 2. Let (I, II) be a fundamental pair on a surfae Σ with assoiated shape
operator S, mean urvature H and extrinsi urvature K. Let z be a loal onformal
parameter for I suh that
I = 2λ |dz|2, II = Qdz2 + 2H λ |dz|2 +Qdz¯2.
Then
|Qz¯|2 = λ TeS
2(H2 −K) |Q|
2,
where S˜ is the traeless operator S−H Id, Idp being the identity map on the tangent
plane at p ∈ Σ.
Proof. Sine the Levi-Civita onnetion of I is given by (6) and the shape operator
S by (7), we have
TeS
(
∂
∂z
,
∂
∂z¯
)
= ∇ ∂
∂z
S˜
∂
∂z¯
−∇ ∂
∂z¯
S˜
∂
∂z
= ∇ ∂
∂z
Q
λ
∂
∂z
−∇ ∂
∂z¯
Q
λ
∂
∂z¯
=
1
λ
(
Qz
∂
∂z
−Qz¯ ∂
∂z¯
)
. (16)
Hene, using (15) one gets
2
λ
|Qz¯|2 = TeS λ2. The proof nishes using (9).
Given a fundamental pair (I, II) on a surfae Σ, we will denote by ΣU ⊆ Σ the
set of umbilial points of the pair. Then we have
Theorem 3. Let (I, II) be a fundamental pair on a surfae Σ with assoiated shape
operator S, mean urvature H and extrinsi urvature K. Let us suppose that every
point p ∈ ∂ΣU has a neighborhood Vp suh that
TeS
H2 −K is bounded inVp ∩ (Σ− ΣU ),
where S˜ = S−H Id. Then either the Hopf dierential of (I, II) vanishes identially
or its zeroes are isolated and of negative index.
In partiular, if Σ is a topologial sphere then the pair is totally umbilial.
Proof. If p ∈ ∂ΣU , then there exists an open neighborhood Vp and a onstant m0
suh that
TeS
H2−K ≤ m0 in Vp ∩ (Σ− ΣU ). Thus, using Lemma 2
|Qz¯|2 ≤ m0 λ
2
|Q|2 (17)
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in Vp ∩ (Σ − ΣU ). Besides, sine this inequality is also valid in the interior of ΣU ,
we onlude that (17) holds in Vp.
Therefore, using again [2℄ or [13℄, we have that p is an isolated zero of negative
index of the Hopf dierential, as we wanted to prove.
To end up, if Σ is a topologial sphere the result follows from the Poinaré index
Theorem as in Theorem 1.
Again, we point out that if Σ is a topologial torus under the assumptions above,
then the pair is either totally umbilial or umbilially free. Analogously, if Σ is a
losed topologial disk and ∂Σ is a line of urvature of (I, II), then the pair is totally
umbilial.
If (I, II) is a Codazzi pair we have
TeS
(
∂
∂z
,
∂
∂z¯
)
= −∇ ∂
∂z
H
∂
∂z¯
+∇ ∂
∂z¯
H
∂
∂z
= Hz¯
∂
∂z
−Hz ∂
∂z¯
and, therefore, its Codazzi funtion is
TeS =
2
λ
|Hz|2 = ‖∇H‖2,
where ‖∇H‖ stands for the modulus of the gradient of H for the Riemannian met-
ri I. Thus, Theorem 3 an be applied for Codazzi pairs whenever the quotient
‖∇H‖2/(H2 −K) is bounded.
However, this result an also be applied to fundamental pairs whih are not
Codazzi pairs, as was impliitly made in [7℄ in order to lassify the omplete surfaes
with onstant extrinsi urvature in the produt spaes H
2 × R and S2 × R.
4 Holomorphi quadrati dierentials.
In this setion we will see that, under ertain assumptions on a Codazzi pair, it
is possible to obtain a new Codazzi pair with vanishing onstant mean urvature
whih is geometrially related to the rst one. Thanks to this seond Codazzi pair,
we will show the existene of a holomorphi quadrati dierential whih will provide
important information on the geometri behavior of the initial pair.
If (u, v) are doubly orthogonal parameters for a fundamental pair (I, II), then
we an write
I = E du2 +Gdv2, II = k1E du
2 + k2Gdv
2.
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Hene, the Codazzi tensor ating on the vetor elds
∂
∂u
, ∂
∂v
an be expressed as
TS
(
∂
∂u
,
∂
∂v
)
= ∇ ∂
∂u
S
∂
∂v
−∇ ∂
∂v
S
∂
∂u
= ∇ ∂
∂u
k2
∂
∂v
−∇ ∂
∂v
k1
∂
∂u
= (k2)u
∂
∂v
− (k1)v ∂
∂u
+ (k2 − k1)
(
Ev
2E
∂
∂u
+
Gu
2G
∂
∂v
)
(18)
= − 1
E
((k1E)v −H Ev) ∂
∂u
+
1
G
((k2G)u −H Gu) ∂
∂v
,
where H is the mean urvature of (I, II).
We observe that we an take doubly orthogonal parameters in a neighborhood of
every non umbilial point as well as in a neighborhood of every point in the interior
of ΣU = {umbilial points of (I, II)}. Thus, the set of points where there exist
doubly orthogonal parameters is dense in Σ. Consequently, all the properties that
we prove by using this kind of parameters, will be extended to the whole surfae by
ontinuity.
Throughout this setion we will use the new quadrati form II ′ assoiated to the
fundamental pair (I, II) given by
II ′ = II −H I.
Lemma 3. Let (I, II) be a Codazzi pair on a surfae Σ with mean and extrinsi
urvatures H and K respetively. Let ϕ be a dierentiable funtion on Σ suh that
the funtion sinhϕ/
√
H2 −K an be dierentiably extended to Σ. Then
A = coshϕ I +
sinhϕ√
H2 −K II
′
B =
√
H2 −K sinhϕ I + coshϕ II ′,
is a fundamental pair with mean urvature H(A,B) = 0, extrinsi urvature K(A,B) =
−(H2 −K) and suh that its Codazzi tensor TeS satises
TeS(X, Y ) = ω(Y )X − ω(X) Y, ω =
1
2
(dH −
√
H2 −Kdϕ), (19)
for all X, Y ∈ X(Σ).
Proof. Let (u, v) be doubly orthogonal parameters for the Codazzi pair (I, II) suh
that
I = E du2 +Gdv2, II = k1E du
2 + k2Gdv
2,
being k1 ≥ k2.
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Then we an write (A,B) as
A = eϕE du2 + e−ϕGdv2, B =
k1 − k2
2
(
eϕE du2 − e−ϕGdv2) .
Hene, A is a Riemannian metri on Σ and the mean and extrinsi urvatures of
the pair are given by H(A,B) = 0 and K(A,B) = −(H2 −K).
In addition, from (18) and taking into aount that (I, II) is a Codazzi pair, we
get
TeS
(
∂
∂u
,
∂
∂v
)
= − 1
eϕ E
(
k1 − k2
2
(eϕE)
)
v
∂
∂u
− 1
e−ϕG
(
k1 − k2
2
(
e−ϕG
))
u
∂
∂v
= −1
2
((k1)v − (k2)v + (k1 − k2)ϕv − 2(k1)v)) ∂
∂u
−1
2
((k1)u − (k2)u − (k1 − k2)ϕu + 2(k2)u)) ∂
∂v
= ω
(
∂
∂v
)
∂
∂u
− ω
(
∂
∂u
)
∂
∂v
.
Finally, by linearity we obtain (19).
Under the assumptions of Lemma 3, if we take a onformal parameter z for A
and put
A = 2λ |dz|2, B = Qdz2 +Qdz¯2, (20)
then from (16) and (19) we get
Qz¯ = λω
(
∂
∂z
)
=
λ
2
(
Hz −
√
H2 −K ϕz
)
.
Moreover, we obtain from (19) that the pair (A,B) given by (20) is a Codazzi
pair if and only if dH −√H2 −Kdϕ = 0, or equivalently Qz¯ = 0.
With all of this we have
Corollary 3. Let (I, II) be a Codazzi pair on a surfae Σ with mean and extrinsi
urvatures H and K respetively. Let ϕ be a dierentiable funtion on Σ suh
that the funtion sinhϕ/
√
H2 −K an be dierentiably extended to Σ. Then the
fundamental pair
A = coshϕ I +
sinhϕ√
H2 −K II
′
B =
√
H2 −K sinhϕ I + coshϕ II ′,
(21)
has mean urvature H(A,B) = 0 and extrinsi urvature K(A,B) = −(H2 −K).
In addition, the following onditions are equivalent:
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• (A,B) is a Codazzi pair,
• the Hopf dierential of (A,B) is holomorphi for the onformal struture in-
dued by A,
• dH −√H2 −Kdϕ = 0.
Next we see some situations where the orollary above an be used. In order to
do that and following the lassial notation, we give the following denition
Denition 6. We say that a Codazzi pair (I, II) is a speial Weingarten pair if
there exists a dierentiable funtion f dened on an interval J ⊆ [0,∞) suh that
its mean urvature H and extrinsi urvature K satisfy
H = f(H2 −K).
Now, let us suppose that the mean and extrinsi urvatures of a Codazzi pair
(I, II) satisfy a general Weingarten relationship W (H,K) = 0. Let us parametrize
by taking H = H(t), K = K(t), for t varying in a ertain interval. Then, if we look
for a solution of the type ϕ = ϕ(t) for the previous Equation dH−√H2 −Kdϕ = 0,
we have √
H(t)2 −K(t)ϕ′(t) = H ′(t).
Therefore, if there exists a primitive ϕ(t) of the funtion
H ′(t)√
H(t)2 −K(t)
with sinhϕ(t)/
√
H(t)2 −K(t) well-dened even at the umbilial points, then the
Codazzi pair (A,B), given as (21), will exist on the whole surfae Σ.
In addition, if (I, II) is a speial Weingarten pair satisfying H = f(H2 − K),
then we an parametrize in the way H2 −K = t2 and H = f(t2). This allows us to
take
ϕ(t) =
∫ t
0
2f ′(s2) ds (22)
whenever there exist umbilial points (i.e. t = 0 has sense), or any primitive of
2f ′(t2) otherwise.
Thus, for speial Weingarten pairs, the metri A dened as in Corollary 3 is
always well-dened, beause so is the funtion sinhϕ(t)/t.
The metri A for speial Weingarten surfaes in R3 and H3 was rst dened by
R.L. Bryant in [5℄. In that work, he also found a holomorphi quadrati form for
the metri A whih agrees with the Hopf dierential of the pair (A,B). Thanks to
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it, Bryant provided an easy proof of the fat that every topologial sphere in R
3
or
H
3
satisfying a speial Weingarten relationship must be totally umbilial.
The abstrat formulation whih we have adopted in this work, allows us to extend
this result to general speial Weingarten surfaes.
Another remarkable fat is that, in our abstrat ontext, we are able to reover
every speial Weingarten pair as follows
Corollary 4. Let Σ be a surfae and f a dierentiable funtion dened on an
interval J ⊆ [0,∞). Let us take a primitive ϕ(t) of 2f ′(t2) on that interval suh
that the funtion sinhϕ(t)/t is well-dened. Then every speial Weingarten pair
(I, II) on Σ satisfying H = f(H2 −K) is given by
I = −sinhϕ(t)
t
Q+ coshϕ(t)A− sinhϕ(t)
t
Q,
II − f(t2) I = − coshϕ(t)Q+ t sinhϕ(t)A− coshϕ(t)Q,
(23)
where A is a Riemannian metri on Σ and Q a holomorphi 2-form for A suh that
the image of the funtion t : Σ −→ [0,∞) dened as 2 |Q| = t A is ontained in J .
In partiular, t2 = H2 −K.
Proof. It sues to observe that given a speial Weingarten pair (I, II), if we take
H2 −K = t2 (and therefore H = f(t2)), we have already proved that there exists
ϕ = ϕ(t), primitive of 2f ′(t2), in the onditions of Corollary 3. Thus, there exists a
pair (A,B) made up of a Riemannian metri A and a quadrati form B whih an
be written as B = Q + Q, sine H(A,B) = 0. Besides, the Hopf dierential Q of
(A,B) is a holomorphi 2-form for the metri A and
t2 = H2 −K = −K(A,B) = 4 |Q|
2
|A|2 .
Summing up, using (21) it is possible to reover (I, II) from (A,B) as (23).
Finally, it is a straightforward omputation to hek that any pair (A,B) as above,
gives a Codazzi pair (I, II) whih is speial Weingarten.
5 Appliations in Spae Forms
In this setion we fous our attention on surfaes in spae forms. We will obtain
several results as a onsequene of the abstrat study developed previously.
We start giving a geometrial argument in order to obtain height bounds for a
large amount of families of surfaes whih satisfy a maximum priniple. The proof
is based on some ideas used in [7℄.
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Denition 7. We say that a family A of oriented surfaes in R3 satises the Hopf
maximum priniple if the following properties are satised:
1. A is invariant under isometries of R3. In other words, if Σ ∈ A and ϕ is an
isometry of R
3
, then ϕ(Σ) ∈ A.
2. If Σ ∈ A and Σ˜ is another surfae ontained in Σ, then Σ˜ ∈ A.
3. There is an embedded ompat surfae without boundary in A.
4. Whihever two surfaes in A satisfy the maximum priniple (interior and
boundary).
Note that a large amount of families of surfaes verify the Hopf maximum prin-
iple. Classial examples of this fat are the family of surfaes with onstant mean
urvature H 6= 0 and the family of surfaes with positive onstant extrinsi ur-
vature K. And, more generally, the family of speial Weingarten surfaes in R3
satisfying a relation of the type H = f(H2−K), where f is a dierentiable funtion
dened on an interval J ⊆ [0,∞) with 0 ∈ J , suh that f(0) 6= 0 and 4tf ′(t)2 < 1
for all t ∈ J (see [20℄).
We also point out that if a family of surfaes A satisfy the Hopf maximum
priniple, then there exists, up to isometries of R
3
, a unique embedded ompat
surfae Σ without boundary in A. Suh surfae is, neessarily, a totally umbilial
sphere.
To see this, it sues to observe that the Alexandrov reetion priniple works
for surfaes in A. Thus, for every plane P ⊆ R3 there exists a plane, parallel to P ,
whih is a symmetry plane of Σ. Therefore, Σ is a round sphere.
In addition, there annot be two totally umbilial spheres Σ1,Σ2 in A whih are
non isometri. Otherwise, up to isometries, we an suppose that one of them, let us
say Σ1, is ontained in the bounded region determined by Σ2. If we move Σ1 until
it meets rst Σ2 and at this ontat point the normal vetors to Σ1,Σ2 oinide, we
an onlude that Σ1 = Σ2 from the maximum priniple. If the normal vetors at
that point do not oinide, we keep on moving Σ1 until it meets Σ2 at a last ontat
point, where neessarily the normal vetors do oinide, whih allows us, as before,
to assert that Σ1 = Σ2.
Now, let us see that there exists a onstant cA suh that for all ompat surfae
Σ ∈ A whose boundary is ontained in a plane P , the maximum distane from a
point p ∈ Σ to P is bounded by cA. This bound only depends on the radius of the
unique totally umbilial sphere ontained in the family A.
Although we will not provide optimal estimates here, only the existene of suh
height estimates respet to planes will allow us to get interesting onsequenes re-
garding several aspets of embedded surfaes in R
3
(see [15, 16, 17, 20℄).
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We will start studying graphs Σ with boundary ontained in a plane P of R3.
Up to an isometry, we an assume that P is the xy−plane, and so
Σ =
{
(x, y, u(x, y)) ∈ R3 : (x, y) ∈ Ω ⊆ R2} .
Theorem 4. Let A be a family of surfaes in R3 satisfying the Hopf maximum
priniple, and Σ ∈ A a ompat graph on a domain Ω in the xy−plane with ∂Σ
ontained in this plane. Then for all p ∈ Σ, the distane in R3 from p to the
xy−plane is less or equal to 4RA. Here, RA stands for the radius of the unique
totally umbilial sphere in the family A.
Proof. Let Σ ∈ A be a graph on a domain Ω in the xy−plane and Σ0 the unique
totally umbilial sphere of A. Let P (t) be the foliation of R3 by horizontal planes,
P (t) being the plane at height t.
Let us see that for every t > 2RA, the diameter of any open onneted omponent
bounded by Σ(t) = P (t) ∩ Σ is less than or equal to 2RA.
Indeed, let us suppose that this assertion is not true. Then, for some onneted
omponent C(t) of Σ(t), there are points p, q in the interior of the domain Ω(t)
in P (t) bounded by C(t) suh that dist(p, q) > 2RA. Let Q be the domain in R
3
bounded by Σ ∪ Ω. Let β be a urve in Ω(t) joining p and q, β and C(t) being
disjoint. Let Π be the retangle given by
Π = {αs(r) : s ∈ I, r ∈ [0, t]}
where I is the interval where β is dened, and αs is the geodesi with initial data
αs(0) = β(s) and α
′
s(0) = −e3, r being the length ar parameter along αs and
e3 = (0, 0, 1).
Sine Σ is a graph and β is ontained in the interior of the domain determined
by C(t), then Π ⊂ Q. Let p˜ ∈ Π be a point whose distane to ∂Π is greater than
RA. Note that, aording to our onstrution of Π, the point p˜ neessarily exists.
Let η(r) be a horizontal geodesi passing through p˜ and suh that every point in
η(r) is far from ∂Π a distane greater than RA. Observe that suh a geodesi an
be hosen as the horizontal line in the plane P (t1) ontaining the point p˜ and being
orthogonal to the vetor joining p and q. Let q˜1 be the rst point where η meets Q,
and q˜2 the last one.
Now, let us onsider the spheres Σ0(r) ∈ A entered at every point η(r). Note
that these spheres an be obtained from the rotational sphere Σ0 by means of a
translation of R
3
.
There exists a rst sphere in this family (oming from q˜1) whih meets Σ. If
the normal vetors of both surfaes oinide at this point, we onlude that both
19
surfaes agree by the maximum priniple. On the other hand, if the normal vetors
are opposite, we reason as follows.
Let us onsider the rst sphere Σ0(r0) in the family above (oming from q˜1)
whih meets Π at an interior point of Π.
For every r > r0 we onsider the piee Σ˜0(r) of the sphere Σ0(r) whih has gone
through Π. Sine these spheres leave Q at q˜2 and none of them meets ∂Π, there exists
a rst value r1 suh that Σ˜0(r1) meets rst ∂Q ∩ Σ at a point q˜0. Thus, applying
the maximum priniple to Σ0(r1) and Σ at q˜0, we onlude that both surfaes agree,
whih is a ontradition.
Therefore we obtain that, for height t = 2RA, the diameter of every open on-
neted omponent bounded by Σ(t) = P (t) ∩ Σ is less than or equal to 2RA.
To nish, we will see that P (t) ∩Σ is empty for t > 4RA. To do that, it sues
to prove the following assertion
Let Ω1 be a onneted omponent bounded by Σ(2RA) in P (2RA). The
distane from any point in Σ (whih is a graph on Ω1) to the plane
P (2RA) is less than or equal to the diameter of Ω1.
Let σ be a support line of ∂Ω1 in P (2RA) with exterior unitary normal vetor
v, and let us take η(r) a geodesi suh that η(0) ∈ σ and η′(0) = 1√
2
(v + e3).
Now, let us onsider for every r the plane Π(r) in R3 passing through η(r) whih
is orthogonal to η′(r) = η′(0). Suh planes interset every horizontal plane in a line
parallel to σ, being pi/2 the angle between them.
If the assertion above was not true, there would exist a point p ∈ Σ over Ω1 suh
that its height on the plane P (2RA) would be greater than the diameter of Ω1.
Let Σ1 be the ompat piee of Σ whih is a graph on Ω1. Observe that, for r
big enough, Π(r) does not meet Σ1. In addition, for r = 0 the plane Π(0) ontains
the line σ, and the reetion of p with respet to Π(0) is a point whose vertial
projetion on P (2RA) is not in Ω1. Therefore, using the Alexandrov reetion
priniple for the planes Π(r) with r oming from innity, there exists a rst value
r0 > 0 suh that either the reetion of the piee of Σ1 whih is over Π(r) meets
rst Σ1 at an interior point or both surfaes are tangent at a point in the boundary.
But this is a ontradition, by the maximum priniple.
This nishes the proof.
As a onsequene of this result, we are able to bound the maximum distane
attained by an embedded ompat surfae whose boundary is ontained in a plane.
Corollary 5. Let A be a family of surfaes in R3 satisfying the Hopf maximum
priniple. Then every embedded ompat surfae Σ ∈ A whose boundary is ontained
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in a plane P veries that for every p ∈ Σ the distane in R3 from p to the plane
P is less than or equal to 8RA. Here, RA denotes the radius of the unique totally
umbilial sphere ontained in A.
This result follows from Theorem 4 as a standard onsequene of the Alexandrov
reetion priniple for planes parallel to P .
Remark 2. The tehniques used in Theorem 4 and Corollary 5 are valid not only
in R
3
, but also more generally for hypersurfaes in R
n
. Even more, they an easily
be adapted to study hypersurfaes in H
n
.
The existene of a maximum priniple and height estimates with respet to planes
for a family of surfaes A, allow us to extend the theory developed by Korevaar,
Kusner, Meeks and Solomon [15, 16, 17℄ for onstant mean urvature surfaes in
R
3
and H
3
to our family A. On the other hand, in [20℄ Rosenberg and Sa Earp
showed that those tehniques are also suitable to study some families of surfaes
satisfying a relationship of the type H = f(H2−K). However, they do not use that
the surfaes satisfy H = f(H2 − K) atually, but only that they satisfy the Hopf
maximum priniple and there exist height estimates for them. Thus, following [20℄
we get
Theorem 5 (Cylindrial bounds). Let A be a family of surfaes in R3 satisfying
the Hopf maximum priniple. Let us take Σ ∈ A an annulus, i.e. Σ homeomorphi
to a puntured losed dis of R
2
. If Σ is properly embedded, then it is ontained in
a half-ylinder of R
3
.
A unitary vetor v ∈ S2 is said to be an axial vetor for Σ ⊆ R3 if there exists a
sequene of points pn ∈ Σ suh that |pn| → ∞ and pn/|pn| → v. In partiular, the
theorem above asserts that for any properly embedded annulus there exists a unique
axial vetor. In addition, this vetor is the generator of the rulings of the ylinder.
Finally, following [20℄ for properly embedded omplete surfaes, we have
Theorem 6. Let A be a family of surfaes in R3 satisfying the Hopf maximum
priniple. If Σ ∈ A is a properly embedded surfae with nite topology in R3, then
every end of Σ is ylindrially bounded. Moreover, if a1, . . . , ak are the k axial
vetors orresponding to the ends, then these vetors annot be ontained in an open
hemisphere of S
2
. In partiular,
• k = 1 is impossible.
• If k = 2, then Σ is ontained in a ylinder and is a rotational surfae with
respet to a line parallel to the axis of the ylinder.
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• If k = 3, then Σ is ontained in a slab.
Denition 8. Let (I, II) be a Codazzi pair on a surfae Σ. We will say that the
pair is speial Weingarten of ellipti type if its mean and extrinsi urvatures H and
K satisfy that H = f(H2−K), where f is a dierentiable funtion dened on [0, a),
0 < a ≤ ∞, suh that
4tf ′(t)2 < 1
for all t ∈ [0, a).
It was proved by Rosenberg and Sa Earp [20℄ (see also [4℄) that the set of Wein-
garten surfaes of ellipti type in R
3
and H
3
with f(0) 6= 0 is a family satisfying the
Hopf maximum priniple. Thus, the above theorems are true for this kind of sur-
faes. Atually these results were also proved in [20℄, although under the additional
hypothesis f ′(t)(1− 2f(t)f ′(t)) ≥ 0.
The speial Weingarten surfaes in R
3
and H
3
satisfying H = f(H2 −K) have
been widely studied. In partiular, an exhaustive study of the rotational surfaes
was developed by Sa Earp and Toubiana [21, 22, 23, 24℄.
In [23℄ was posed the question of lassifying the surfaes satisfying H = f(H2−
K) whose extrinsi urvature does not hange signs. More speially, it is asked if
suh surfaes are totally umbilial spheres, ylinders or surfaes of minimal type (i.e.
with f(0) = 0). Observe that this fat is known for surfaes with onstant mean
urvature. In fat, a minimal surfae has non-positive extrinsi urvature at every
point and a omplete surfae with non zero onstant mean urvature and whose
extrinsi urvature does not hange signs, must be a sphere or a ylinder [10, 14℄.
Next, and as a onsequene of the study developed for Codazzi pairs, we study
that problem for the general ase of speial Weingarten surfaes of ellipti type.
Theorem 7. Let Σ be a speial Weingarten surfae of ellipti type in R3 satisfying
that H = f(H2 − K). Let us suppose that its extrinsi urvature does not hange
signs:
1. If Σ is omplete and K ≥ 0 at every point, then Σ is a totally umbilial sphere,
a plane or a right irular ylinder.
2. If Σ is properly embedded and K ≤ 0 at every point, then Σ is either a right
irular ylinder or a surfae of minimal type (i.e. f(0) = 0).
In order to prove this theorem, we will rst establish the following general Lemma
for Codazzi pairs.
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Lemma 4. Let (I, II) be a speial Weingarten pair of ellipti type on a surfae Σ,
with mean and extrinsi urvatures H and K respetively. If H2 − K 6= 0 on Σ,
then the new metri
g0 =
√
H2 −K A
is a at metri on Σ. Here, A is the metri given by (21) for the funtion ϕ dened
in (22).
Moreover, if I is omplete and H2 −K ≥ c0 > 0 then the metri g0 is omplete.
In partiular, Σ with the onformal struture given by A (or by g0) is the omplex
plane, the one puntured omplex plane or a torus.
Proof. From Corollary 4 we get that 2|Q| = t A, where t = √H2 −K and Q is
a holomorphi quadrati form for A. Thus, sine H2 − K > 0, g0 = 2|Q| is a
well-dened at metri on Σ.
Let us see that g0 is omplete if I is omplete. In suh a ase g0 would be a
omplete at metri and, so, the universal Riemannian overing of Σ for the metri
g0 would be the Eulidean plane. Hene, Σ would be onformally equivalent to the
omplex plane, to the one puntured omplex plane or to a torus.
Observe that, from (23), we get that
I ≤ 2 coshϕ(t)A. (24)
On the other hand, sine (I, II) is a speial Weingarten pair of ellipti type it follows
that 4 s2 f ′(s2)2 < 1 and so, from (22),
s2 ϕ′(s)2 < 1, or equivalently − 1
s
< ϕ′(s) <
1
s
.
Hene, by integrating between a xed point s0 > 0 and s one gets that there exists
a onstant c1 > 0 suh that |ϕ(s)| ≤ | log s|+ c1. Therefore, sine
lim
s→∞
cosh log(s)
s
=
1
2
and t ≥ √c0, we dedue the existene of a onstant c2 > 0 suh that coshϕ(t) ≤ c2 t.
Finally, from (24) it follows that
I ≤ 2c2 t A = 2c2 g0,
that is, g0 is omplete.
Proof of Theorem 7: Firstly, let us suppose that Σ is a omplete surfae in R3 with
K ≥ 0.
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If K vanishes identially, then it is easy to onlude that Σ is either a plane or
a right irular ylinder (see [21℄).
If there exists a point where the extrinsi urvature is positive, then either Σ
is homeomorphi to a sphere or it is properly embedded and homeomorphi to the
plane [26℄. In addition, we have f(0) 6= 0 (see [21℄).
In the rst ase Σmust be a totally umbilial sphere from Theorem 1. The seond
ase is not possible from Theorem 6 applied to our family of speial Weingarten
surfaes with H = f(H2 −K).
Now, let us suppose that Σ is properly embedded and K ≤ 0. Then we have
that
0 ≥ K = H2 − (H2 −K) = f(H2 −K)2 − (H2 −K).
Hene, if f(0) 6= 0, sine the funtion f(s)2 − s is ontinuous for s ≥ 0 and takes
a positive value at s = 0, then there exists s0 > 0 suh that f(s)
2 − s > 0 for
s ∈ [0, s0]. Consequently H2 −K ≥ s0 > 0 on Σ sine K ≤ 0.
From Lemma 4, Σ is homeomorphi to the plane, to the one puntured plane
or to a torus. Using one again Theorem 6, Σ annot be homeomorphi to a plane.
In addition, every ompat surfae in R
3
must have a point with positive extrinsi
urvature, and so Σ annot be homeomorphi to a torus. With all of this, Σ must
be homeomorphi to the one puntured plane and so, from Theorem 6, it must be
a rotational surfae and must be ontained in a ylinder C of R3.
To nish, let us see that Σ is a right irular ylinder. In fat, up to an isometry
of R
3
, we an suppose that Σ is a rotational surfae with respet to the z-axis. Let
us denote by
α = Σ ∩ {(x, y, z) ∈ R3 : x > 0, y = 0}
a generatrix urve of Σ. It is lear that α is a line of urvature of Σ and its signed-
urvature on the plane y = 0 hanges signs if and only if K hanges signs.
Sine K ≤ 0, the sign of the urvature of α on the plane y = 0 does not hange,
and so α is a onvex urve. But, sine α is ontained in the strip determined by the
z-axis and the line parallel to C ∩ {(x, y, z) ∈ R3 : x > 0, y = 0}, we onlude that
α must be a line parallel to the z-axis, as we wanted to prove. ✷
Referenes
[1℄ J. A. Aledo, J. M. Espinar, J. A. Gálvez, Complete surfaes of onstant urva-
ture in H
2 ×R and S2 ×R, Cal. Variations & PDE's, 29 (2007), 347363.
[2℄ H. Alenar, M. do Carmo, R. Tribuzy, A theorem of H. Hopf and the Cauhy-
Riemann inequality, Comm. Anal. Geom., 15 (2007), 283298.
24
[3℄ I. Bivens, J. P. Bourguignon, A. Derdzinski, D. Ferus, O. Kowalski, T. Klotz-
Milnor, V. Oliker, U. Simon, W Strübing, K. Voss, Disussion on Codazzi-
tensors. 243299, Leture Notes in Math., 838, Springer, Berlin-New York,
1981.
[4℄ F. Brito, R. Sa Earp, On the struture of ertain Weingarten surfaes with
boundary a irle, Ann. Fa. Si. Toulouse Math., 6 (1997), 243255.
[5℄ R. L. Bryant, Complex Analysis and Weingarten Surfaes, (1984), Non submit-
ted.
[6℄ S. S. Chern, On speial W−surfaes, Pro. Am. Math. So., 6 (1955), 783786.
[7℄ J. M. Espinar, J. A. Gálvez, H. Rosenberg, Complete surfaes with positive
extrinsi urvature in produt spaes, To appear in Comment. Math. Helv.
[8℄ V. C. Grove, On losed onvex surfaes, Pro. Amer. Math. So., 8 (1957),
777786.
[9℄ P. Hartman, W. Wintner, Umbilial points and W−surfaes, Amer. J. Math.,
76 (1954), 502508.
[10℄ D. Homan, Surfaes of onstant mean urvature in manifolds of onstant ur-
vature, J. Di. Geom., 8 (1977), 161176.
[11℄ H. Hopf, Dierential Geometry in the large, Springer Verlag, Berlín, 1983.
[12℄ C. C. Hsiung, A rst ourse in Dierential Geometry, John Wiley & Sons, New
York, 1981.
[13℄ J. Jost, Two-dimensional geometri variational problems, John Wiley & Sons,
Ltd., Chihester, 1991.
[14℄ T. Klotz, R. Osserman, Complete surfaes in R
3
with onstant mean urvature,
Comment. Math. Helv., 41 (1966-67), 313318.
[15℄ N. Korevaar, R. Kusner, W. Meeks, B. Solomon, Constant mean urvature
surfaes in hyperboli spae, Amer. J. Math., 114 (1992), 143.
[16℄ N. Korevaar, R. Kusner, B. Solomon, The struture of omplete embedded
surfaes with onstant mean urvature, J. Dier. Geom., 30 (1989), 465503.
[17℄ W. Meeks, The topology and geometry of embedded surfaes of onstant mean
urvature, J. Dier. Geom., 27 (1988), 539552.
25
[18℄ T. K. Milnor, Abstrat Weingarten Surfaes, J. Di. Geom., 15 (1980), 365
380.
[19℄ V. Oliker, U. Simon, Codazzi tensors and equations of Monge-Ampère type on
ompat manifolds of onstant setional urvature, J. Reine Angew. Math., 342
(1983), 3565.
[20℄ H. Rosenberg, R. Sa Earp, The Geometry of properly embedded speial surfaes
in R
3
; e. g., surfaes satisfying aH + bK = 1, where a and b are positive, Duke
Math. J., 73 (1994), 291306.
[21℄ R. Sa Earp, E. Toubiana, A note on speial surfaes in R
3
, Mat. Comtemp., 4
(1993), 108118.
[22℄ R. Sa Earp, E. Toubiana, Sur les surfaes de Weingarten spéiales de type
minimal, Bol. So. Bras. Mat., 26 (1995), 129148.
[23℄ R. Sa Earp, E. Toubiana, Classiation des surfaes de type Delaunay, Amer.
J. Math., 121 (1999), 671700.
[24℄ R. Sa Earp, E. Toubiana, Symmetry of properly embedded speial Weingarten
surfaes in H
3
, Trans. Am. Math. So., 351 (1999), 46934711.
[25℄ M. Spivak, A omprehensive introdution to Dierential Geometry, Publish or
Perish, 1979.
[26℄ J. Van Heijenoort, On loally onvex manifolds, Comm. Pure Appl. Math.,
(1952), 223242.
The rst author is partially supported by Junta de Comunidades de Castilla-La Manha, Grant
No PCI-08-0023. The seond and third authors are partially supported by Grupo de Exelenia
P06-FQM-01642 Junta de Andaluía. The authors are partially supported by MCYT-FEDER,
Grant No MTM2007-65249
26
